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INTEODUCT I ON 

Given the  en t r i e s  o f  an nixn ma t r ix  A and those or' a column n-vector 

b,  the en t r i e s  of the product fib can be coxpiitcd u s i n g  ran mult ipl icat ions 

and m(n-1 )  additions by d i rec t  application o f  the formula 

Hox?ver, i n  many cases the matr ix  A has 'a pa r t i cu la r  form, and  Ab can be 

computed r. ; i th f e w r  operations. For  example, the f i n i t e  Fourier trans- 

foriii yo,. . .yn-l o f  xo ,... ,Xn-1 

can be conipiited with about n l o o z n  multiplications and  nlogzn additions 

by u s i n g  the f a s t  Fourier transform ( F F T )  algorithm [C]. 

This paper deals with three aspects o f  algcbi-aic coqplexity. The 

f i r s t  section i s  concerned with lolwr bounds on the nimSer o f  operations 

required t o  compute several functions. Several theorem a r e  prescnted 

and thei r proofs sketched. 

aniong the coniplcxities o f  several sets  o f  functions.  

t ion % several matrices o f  general  i n t e r e s t  are .cxaxined and upper bounds 

on the niimber o f  opcrations required t o  multiply by then are construc- 

t i v e l y  derived. 

The second sec t i  on deal s w i t h  re1 a t i  onshi ps 

I n  thc th i rd  s e e -  

LObJZR BOUIIDS 

I t  i s  su f f i c i en t  t o  consiclci- the product Ab o f  s r : ? , ? t r i x  A and a 
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Thus i f  p > l ,  we immediately obta-iri a matrix A having a pa r t i cu la r  form. 

L e t  F be a f i e l d ,  G a subfield o f  F and F(xl, ..., xi,) the f i e l d  o f  

rational functions i n  n variables with coeff ic ients  from F. Given 

FUQ, 4 = { Q  ,... , @ t l ,  hoir niany operations are required t o  co:t-pute 

Y = {al ,. . . 
mu1 t i  p 1 i c a t  i on and d i  v i  s i on ? 

using only t h e  operations o f  addi t ion,  subt rac t ions  

Since F i s  given, and any o p e r a t i o n  within F r e su l t s  i n  an e lc i rmt 

I4oreover mult ipl icat ions or i n  F ,  operations within F are  n o t  coirnicd. 

d iv is ions ,  denoted by r:iult/div, by elerrmts o f  the s i b f i e l d  C are n o t  

counted. The exclusion of these operations serves t o  strengthen the 

lover bounds. All resu l t s  i n  t h i s  section arc? s ta ted  wit!, t!-,e under- 

standing t h a t  mult/div are counted i n  the above n?anncr. 

Cal l  a s e t  ( V I  ). . . , v n l  l inear ly  -- --- independent -- -_-_ O V ~ I -  G -__ mod I,' i f  no 

nontr ivial  l i nea r  combination clv1-t.. .+cnvn, with coef f ic ien ts  f roni  

G, i s  i n  V .  

Denote by Snlxn the s e t  o f  sll rnxn matrices with e n t r i e s  from a 

s e t  S. 

Theorcm -- 1. Given Fuo, ii' 5' has r l inear ly  i n d e p m d e n t  c7ur.aits 

o v e r  G pod G W F ,  whew Gc+F = { c ~ + , - : - .  , . + c t ~ ~ ~ r F [ c ~  in G ,  51 in F ) ,  t h e n  

a t  l e a s t  r mult/div arc  required t o  coaptiec F:. 



Proof. 

{here p ma j 

I f  an a1 gor i  t h m  coiiiputes ? vi  t h  only s mal t / d i v  p1 , . . , ,us, 

depend G n  pi  for i < j ,  then any elevent conputed by the a l -  

gorithm i s  o f  the form 

blLii+. . .+bsps 4. ~ i + l - t . .  . + c t ~ t  + f 
c 

w i t h  bl, ..., c t  i n  G and f i n  F.  Define the column vectors $'=(I+!J,, . . . ,q r )  

~ ( p ,  ,. . . ,us) and + = ( + I  ,.. . ,+t) ,  where q ,. . , ,Q,. are  the r l i nea r ly  inde- 

pendent elements i n  PI. 

d i n  Frxl such t h a t  

T h u s  there a rc  r a t r i ce s  B i n  C;rxs, C i n  GrXt and 

$' = Bp f Cc + d.  

I f  scr, the rows of B a re  l inear ly  depezdent;, a n d  a nontrivial  vector a 

i n  GIxr  e x i s t s  sirch t h a t  aB = 0, B u t  then a y '  = a C p - a d  = cc,+f for scJriie 

vcctoF c i n  Glxt and f i n  F ,  contradicting the hypothesis. 

Corollary 1 .  Given F u { ~ i l ,  . . . , c i  t l ,  i f  c i s  riot ti root of any non-  

trivial polynomial of degree 5n with coeff ic ients  from F ,  then a t  l e a s t  8 

m n i u l t / d i v  are required t o  compute Y' = {[jl ,. . . 
whenever {i, ,. , . , i t}  and  {j, ,. . . ,jml ari? d i s j o i n t .  

l<j . ,<.  . . < j m < n  

For the l i nea r  case I+!J = A + ,  whew 9 i s  the colLisn m-vector 

($1 ,. . . ,qm) ,  4 i s  the co1iliiin t-vector (:I ,. . . 
i n  rrnxt ,  Theorem 1 beccriies : 

and /, is  a niatrix 

---- Theorem 2. Given F ~ o , ' ~ r i t h  the s e t  0 = {$ , I ,  . . . , t t }  - l i nea r ly  inde- 

pendent over F nod F ,  i f  A has r l inear ly  i n d z p z n d z i i t  r c~x  over  G ji7lad 

Glx t ,  then a t  least .  r mult/div a rc  rerluir2d t o  coniputc P , + .  
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. 
As i n  Tlieorcm 1, i f  s< r ,  there i s  a nontrivial  vec to r  a i n  GIxr such t h a t  

a$' = a n ' +  = c$+f f o r  son:e vector c i n  GIxt and f i n  F ,  so t h a t  (all '-c)+=f. 

But then, by the independence o f  ($1, ...,$t ?, aA'-c = 0. 

the indrpcndcnce o f  the rovs o f  A ' .  

T h i s  contradicts  

Corollary - 2. Given FUO, i f  A i n  FmGn has  r l inear ly  indcpendent rolws 
l 

over G niod G I x n ,  and  the n p  entr ies  o f  B i n  cnxP are l i nea r ly  independent 

over F mod F, then a t  l e a s t  rnp m u l t / d i v  are  required t o  corfipute A6. 

Corol lary 3. Given F u f x l l  ,..., x I ,  w i t h  F = G(yl1 ,... ,Ymn) a t  l e a s t  n P  

~ 

nip mult/div ars. requircd t o  conipute the prodiict Y X  o f  the  rnm ri iatrix 

Y = (ili j )  and the n x p  matrix X = ( x i  j) . 

Theorem 3 .  - (llinograd,[Z]) Given the s e i  Fu(xl, .  . . ,"I ,  i f  A i n  Fmxn 

has c l inear ly  independent colurrns over G r o d  G m x l ,  then a t  l e a s t  c 

nul t / d i v  are  required t o  compute Ax. 

Corollary - 4.(Im!inograd[2]) Given the s e t  G(yl ,. . . ,yli,) u ( x , ~  ,. . , ,xfija1, 

a t  l eas t  mu niult/div are  required t o  conpute the  product Xy o f  the mxn 

mat r ix  X = (Xjj) and the vector y = ( y i ) .  

Theorem 4 .  Given F u I x l  ,..,, x,,), i f  A has  a subinatrix S i n  Fr"c, 

and t1ici-t. arc? no nontrivial  vectors a i n  '~71':r and p i n  G C X ~  s u c ~ j  t !?at  

aSP i s  in G ,  then a t  l e a s t  r+c-1 mult/div are required t o  coil:?iitp Ax .  

--- Proc?F. Let A '  bc the  r w  submatrix o f  A which contains S as a 

subnia t r i  s. If Ax can be comptrtccl ;ri t h  s mi11 t/di v, tlmj tllcrz are  



matrices G in GrXS,  C i n  G r X n  and d i n  FrXl such t h a t  A ' x  = Rp $- Cx + d. 

Since aSR i s  not i n  G ,  the rows o i  A I  must be l i nea r ly  in6-p 2 endznt over 

G mod G l X n ,  so t h a t  rss by Theorem 2 .  Par t i t ion 8 in to  t: = [H t i ) ,  wlnere 

N i s  an rw-1 matr ix;  then there i s  a nontrivial  vector a i n  G 1 xr such 

t h a t  aFI = 0. Par t i t ion p in to  p = ( ~ ~ p " ) ,  where p' is  a co1iIii;n vector 

o f  s-r+l elcmmts; then 

. 

aA'x = af4p'  i- aCx + ad  = a l p '  f cx i f. 

That i s ,  there i s  a nontrivial  l inear  cotxbination a A ' ,  o f  the  rows o f  

A ' ,  such t h a t  aA'x can be computed t;ith s-r+l niult/div. C u t  since as8 

i s  n o t  in G ,  an' must have a t  l e a s t  c l inear ly  independent coliims over 

C, niod G. Thus aA'x requires a t  l ea s t  c m u l t / d i v  by Theorem 3 ,  so t h a t  

s- r k l  >e.  

Corollary 5. (Itlinograd,[3]) Given the s e t  R(y1 ,y2) u { x l  ,x,?. A t  

l e a s t  3 real multldiv are required t o  corrputc the product 

( x i  -1- ix2)(y1 i- iyp) o f  t ~ o  complex nuirhers, ( R =  the  r e a l s ) .  

Corollary 6. Given the s e t  R(yl ,. . . ,y4) u Ixl ,. , . , x q l .  A t  l e a s t  

7 real m u l t / d i v  a r e  required t o  compute the product 

(xl + i x 2  + jx, -+ kx4)(yl + iy2 + jy, JC ky4) 

o f  two quaternions. 

rhcorem -- 5. Given the se t  F u i x l l  ,. . . ,xnn) u lyi 3 -  - .  ,yJ, i'f d i v i s i o n  

i s  i ioi  a i i o w d ,  then a t  l e a s t  m(n-1)  a d d i t i o n s  or subti-actions a r c  re- 

quirccl t o  coiyute thc product X y  o i  the rim rmtrix X = (x: . )  anr! t i l e  

! I 
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r , -vcctoi-  y = ( Y i ) .  



G I 

t 

I 
Proof. Let U(Y) be the minimum number o f  add/sub required t o  conpute 

I 
Y ,  and l e t  u = ( l , l ,  ..., 1 ) .  I f  division i s  n o t  ailovred, then 

s = s,+ ...+ sm. 

be shown [ l ]  t h a t  u(x,+. ..+xn) = n-1. 

~ ( x y )  2 m(n-1). 

Hence o(s)  I ~ ( x u )  + m-I, and a(Xy) 2 o(s)-m-kl. I t  can 
t 

Thus O ( S )  = nm-I, and 

COWLEX ITY RELAT I Oils 

. When the underlying algebraic system i s  a. ring, ra ther  t h a n  a f i e l d ,  

division niay n o t  be def ined .  In any event,  unless a substant ia l  reduc- 

t ion can be achieved by allo:.ring divis ion,  algorithms in which division 

i s  n o t  used are  preferable. 

allowable operations are  addition, multiplication and negation. 

In the s c q w l ,  we assure t h a t  the only 

For any matrix A, denote by A the set  o f  en t r i e s  of A .  l,!IienevLit- 

This 

, I  - 
. '  

we speak o f  cornput-iny Ab, we 1'11 Pact m a n  computing t h e  set  - Ab. 

f i n e  point should be t indcrstood,  since - -  A = B does n o t  imply t h a t  A = B, 

Moreover, the matrix notation Ab sinply serves t o  represent the s e t  

- Ab--nothing e l s e  is  iriiplied. 

A and h i n  order  t o  compute Ph. 

be rspresetited as Pib, where A = (ao,. . . ,a,,) and b i s  the c01t~;iin vcctor 

b = (1 ,x,. . , , x n ) .  

computi ng  I b .  

I 

Specif ical ly ,  i t  i s  n o t  necessary t o  have 

For examnle, a. + a x +,..+ anxn can 
I 
I 

1 - - - 

tlorncr 's  n:nt i iod may  bc used t o  conipute - A b ,  v r i t h u t ~ t  

Let ~ I ( T [ S )  be the minirwm n u h e r  o f  niult iplications rcq:i-ired t o  



7 * .  

compute the s e t  T give the se t  S,  and a(T1S) be the minimuin number of 

additions required t o  compute T given S. I f ' x  stands for e i t h e r  n o r  
I 

: Q ,  t h e  following relat ions h o l d ,  
~ 

Relat ion 1 .  x(SlR) 5 x(TIP,) i f  S 5 T. 

Relation 2.  x(TIS)  5 x ( T l R )  i f  R 5 S. 

__1- Rela t ion  3. 

, 
I 

x(TlR) 5 x(T[f?uS) + x(SIR) .  . 
I 

I 
- Relation 1 i s  useful f o r  o b t a i n i n g  lower bounds on x(TIR) ,  while 3 yields  

lower bounds on x ( S l R ) .  Theorem 5 was proved by appealing t o  Relation 3 

111. the sequel , vie will confine o u r  a t tent ion t o  cor;iputing Ab for 

w o r s t  case b ;  naniely, when b i s  the column vector x = (XI ,. , . ,x,,). tlore- 

I over, the en t r i e s  o f  A are assumd t o  be independent o f  x. 

--- Relation 4 .  Given S ,  i f  an independent variable in A or  x is  re- 

placed e v e r y t h e r e  by an e le ixnt  o f  S ,  t o  y ie ld  a new matr ix  B o r  a new 

vector y ,  then x ( ~ l S )  -< x(/&lS). 

This re la t ion  i s  useful fcr obtaining lot!er bounds on x (&lS) .  

For  example, i f  1 is  i n  S ,  then 

a(ao+a,x+. , .+a,xn) 2 o(ao+al+.  . .+an ) .  

GJhen the given s e t  S i s  f i x e d ,  since we are considering the worst 

case f o r  x ,  we suppress x and S atid simply write %A f o r  x(~xlS). 

not confuse xA with ~ ( A x 1 A : x ) .  --- 

Do - 



. .  

Relation 5 gives r i s e  t o  the following coro l la r ies :  

1. An elenientary operation on A ,  can change xA by a t  rest 51. 

I f  XP = 0 and XQ = 0 ,  then  xPAQsxA. 

I 

11. 

111. 

IV. 

If A '  i s  a submatr ix  of A, then-xA' s xA.  

I f  LP=I, QR=I and xL=xF=xQ=xR=O, then xPAQ = xA. 

\ / r i t e  A' - A i f  A '  can be obtained by permitting the rows or 

colunms of A. 

I 

I 
V. 

If  A t  - A ,  then x A '  = xR.  
I 

VI. I f  A '  i s  obtained from A by addition/suStraction o f  one row 

(colunin) t o  another row (column), then n A t  = nA. 

VII. For n 2 0 ,  An 5 nxA. 

VIII. I f  A = (ci], then xA 5 XC +- xC. 

I X .  If A = (B.BC) , then nA 5 n B  +- nC. 

X.  Given F, i f  A i n  Fmxn has rank r ,  then nA 5 r(m+n-r) a n d  

aA s r(m+n-r)-n. . 

Eelation 6 .  

8 

Relation 6 gives r i s e  'io the following coro l lz r ies :  

XI. nA+B s nA-!-irB. 



9 

XII. xAOB I x A  + xB. A8B = (i i] 
XIII. The Kronecker product A 4  = (a i jE)  i s  obtained by replacing 

a i j  i n  A by aijB. I f  A i s  mxn and, B i s  rxs, then P A 3  i s  

I XIV. I f  A t r ]  i s  the rth Kronecker power o f  A, and A i s  nxm,  then 

Notice t h a t  by Theorem 2 ,  given t h e  s e t  C'(yI1 ,..., y,,,) u (x,, ,..., xrs)$ 
a t  l e a s t  mnrs m u l t / d i v  are requir2d t o  conlpute YxX. - ~ 

We close this section w i t h  the two follo!/ing observations:  

I f  A i s  in Zmxn ( the in tegers ) ,  then ITA 0 ,  since every multiplication . 

by an integer  constant can be replaced by additions.  

I f  A i s  i n  Qmxn ( t h e  ra t iona ls ) ,  then .iiA 5 min(n,n), s ince 

A = d' B = Ed-', where d is a comon denominator of  the e n t r i e s  of A ,  

and B = dA i s  in Zmxn,  

1 

We note i n  passing, t h a t  ~ T A  and aA are two independent masures ,  and 

t h a t  there  may e x i s t  n o  s ingle  algorithm r.rliich simultaneously achieves 

both ITA and OA. 

integer  constant,  then crA = 0 since Ax = kx. 

s ince  Ax = x+. . .+x. 

For example, i f  A = [I;] i s  a 1x1 mc?trix u i t h  k>O an 

On the other  h a n d ,  T A  = 0 

UPPER ROUTIDS 



. .  10 

only t o  the  worst case Xy. .In many cases,  we are in te res ted  in computing 

Ax, where A has son:c par t icu lar  f o rm.  I n  this section we examine several 

such matrices. Unless otherwise specified,  a l l  multiplications are 

c o un t e  d . 

SYI.lIIETRIC-LIY,E PIATRICES 

Using matrices, the ident i  t i es  

cau + E a v  = E a ( u + v )  au -t E a v . =  a(ii+Ev) 

au t av = a ( u - w )  Eau + av  = E a ( u + E v )  

where E = t l ,  may be expwsscd as 

Corollaries I1  a n d  I11 shov t h a t  nr(=nC=i;a, Then 

The 3 x 3  case will suggest a general technique: 

where u = a-b-c, v = d-b-e and w = f-c-e.  

PropositLoLl-. Given A, i f  A is  rim and G-F t h e  form a i  j = ?aji, - 
theti rrA 5 t i ( t i + I ) / Z ,  even i f  mult ip l ica t io!~  i s  n o t  c o m a t a t i v c .  



i 

I 

I 
I .  

d c b a ’  
c d c b  

f e d c  
g f e d ,  

11 

_Corollary 7. Two complex numbers can be nul t ip l ied  w i t h  3 real  
r\ 

mu1 t i  p l  i ca t i  ons . 

Corollary --I 8. Two quaternions can be multiplied w i t h  10 real  

multiplications.  

This technique i s  applicable t o  any m a t r i x  B - A. Iloreover, the 

entries of A may themselves be matrices. 

fa important synimctric-like matrix, w i t h  nuix?rous applications , i s  

the Toeplitz matrix, defined by a i j  = a i 4 - l , j + l .  The 4~4.Toepl i t -z  ma t r ix  

i s  y-iven by 
< 

The important t h i n g  t o  observe i s  t h a t  i f  n = r s ,  then Tn can be 

par t i t ioned in to  an rxr Tocplitr  n a t r i x  vrhost. ent r ies  z r e  sxs Toeplitz 

matrices. f.loreover, i f  A and B are mxn Toeplitz matrices, then A + B  can 

be computed w j t h  ni+n-l acld/sub, and c I t D  i s  i t s e l f  Toeplitz.  
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Proposition 2.  Given - A ,  i f  A is  an n x n  Tozplitz n ia t r ix ,  then 

A s 3flog2n1, ever! i f  multiplication i s  not  conimutativc. 

'Corollary 10. Two sequences o f  lengths m and n can be convolved 

w i t h  3 r l0g2 t l  rnult iplicztions,  t = rn-In-1. 

Corollary '11. Two polynomials o f  degrws rn and n ,  can be multiplied 

. . w i t h  3f10g2t1 mult ipl icat ions,  t = rn+n+-1. 

. Corollary 12. Two numbers o f  rn a n d  n d i a i t s  can be multiplied w i t h  

3r10gZt1 mult ipl icat ions,  t = n+n-1. 

Corollary - 13, Given - A ,  i f  A i s  an n x n  c i rcu lan t ,  defined by 

r l  o g p l  a i j  = ai+l (mod n )  , then n R  5 3 

In a l l  cases, multiplication need n o t  be commtativ?. floreover, 

given S,  a l l  resu l t s  a re  contained i n  the srJallest  rina which con- 

t a i n s  s. 

CG4PAN I ON t.lATP, I CES 

In this subsection, we assum? t h a t  the unc'zrlying alge!iraic system 

i s  a f i e ld  F.  

The coiyanion mat r ix  o f  the polynornial 

+ ( X I  = x" - 
i s  tile n x n  m a t r i x  

- co c,,-lxn-l - ... 
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I f  D i s  the n x n  d i a g o n a l  matrix with en t r i e s  aO, . . . ,  a 

coiuiiin n-vector u = (1 ,.. . ,1) t h e  Vanderiiionde m a t r i x  V = ( a : ) ,  generated 

by C L ~ , . . . ~ ~  

, and u i s  the n-1 

, i s  t he  n x n  matrix n-1 

V = (u Du ... Dn-l u) . 

S h i f t  Tbeorem. I f  $ (a r )  = 0 f o r  r=D, ..., n-1, then DV = VC4.  I f  
I - 
I . ao,. . . ,an-] are d i s t i n c t ,  t hen  V-l e x i s t s ,  D = VC9V-l  and  

. . p ( ~ )  = v ~ ( c , ) v - ’  f o r  any polynomial p ( x ) .  
~ 

Let P be the column vector (ao,. . . , a n a l )  associated with the poly- 

nomi a1 
I 

p ( x )  = a0 + a l x  + ... 4- a n - l x  n-1 . 

I t  i s  eas i ly  ver i f icd t h a t  i f  P i s  associated w i t h  p(x);then C P i s  
I 9 
, associated r.!ith xp(x) mod ~ ( x ) .  Floreov?r, i f  

q(x)  = bo + blx + ... + bn-lxn-’ 

then q(C,+)P  i s  associated with q ( x ) p ( x )  n:od ~ ( x ) .  

I f  ao,  ..., un-1 are d i s t i n c t ,  then U;l ex i s t s  a n d  

‘ q ( C 4 ) P  = \ ~ - l v q ( c o ) v - ~ v P  = V-lq(D)VP. 

I f  Q i s  associated w i t h  q ( x ) ,  the elements o f  VQ are icknt ica l  t o  the 

diagonal entries o f  q ( D ) .  Thus q(D)VP i s  the fern-by-tern product 

(VQ)* (VP)  of t h e  two col cim vectors V Q  2nd VP.  Then 

q ( c4 ) P = v-1[ ( \q ) ( 5/F ) 3 

C a l l  V Q  the t r~insfor i i~ of  Q. Then q ( C + ) P  can be con:?uteci as fol1o:~s:  

1 . cornjltrte VP. 
2 .  compute V Q ,  
3, 
4. t a k e  the i n w r s e  t i -ansPol*i i~. 

multiply VQ by VP tcriii--by-tc:m. 

._-, 

. 
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. Thus the process of comput ing  t he  coef f ic ien t  vector q(Co)P of 

q(x)p(x )  mod ~ ( x )  may be referred t o  as convolutiori r o d  $ ( x ) .  

we have: 

Thus 

- Proposi t ion I 3. Any nonsingulai- Vandcrmondc ma t r ix  V has the con- 

vol u t i o n  property. 

Choose d i s t i n c t  integers ag, .  . . ,un-1, then nV = 0. Moreover, the 

e n t r i e s  o f  V-l are r a t i o n a l  constants, thus V-l = k - l U  f o r  soille integer  

k and iritcger m a t r i x  U .  

with n mult ipl icat ions.  

I t  follovs t h a t  U(VQ)-(\!P) can be cotxputed 

I~lult iplication by k - l  takes no more t h a n  ri 

mu1 t i  pl i cations.  

The process described above can be perforxed i n  any f i e l d  o f  char- 

a c t e r i s t i c  zero,  or i n  any f i e l d  of su f f i c i en t ly  large Character is t ic .  

Thus we have: 

Proposition 4 .  In a f i e l d  of cha rac t e r i s t i c  zero o r  p 2 n, i f  

+ ( x )  has d i s t i n c t  integer  roots, then q ( x ) p ( x )  mod 6 ( x )  ci:n be corii- 

. putecl with 2n.multiplications.  ' 
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- Corollary 15. I n  a f i e l d  of cha rac t e r i s t i c  zero or p z m t n t l  two 

polynomials o f  degree m and n can be multiplied with m+n+l f min(m+l , n + l )  

mu1 t i  p l  i ca t  i on s . : 

Corollary 16. In a f i e l d  of cha rac t e r i s t i c  zero or p 2 m+n-1, given 

- A ,  i f  A i s  an n x n  c i rcu lan t ,  then TTA I 3n-1. 

For prinie n, comput ing  the f i n i t e  Fourier transform can be shown t o  
I 

be equivalent t o  multiplying by an (n - l )x (n - l )  c i rculant  [ S I .  

-d- Corollary 17. For prim n ,  the f i n i t e  Four-ier transform can be com- 

ppted w i t h  3n-4 multiplications.  
, 

We close with a conjecture. I f  c i s  thc'conipanion rnatr ix 'of  x"-I,  
, 

any n x n  matrix A can be w i t t e n  as 

, A = I\o + AIC + ... + A,-I cn -1 

where A*,. . . ,Afi-l are n x n  diagonal matrices. Then 

AB = (A0 + e . . +  A,- ,_lCn-- ')(B~+. . .+Bn-lCn- ')  

appears as a cyc l ic  convolution, except t h a t  C do25 not commute with the  

coef f ic ien ts .  

f o l  1 ov,i n g  

Nevertheless, based on the above r e s u l t s ,  \.:e make the 

Conjecture. 

mu7 t i  p l  i ca t i  ons ! 

Two n x n  matrices can be multiplied with about 2n  2 
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